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A center of theoretical physics 

‣ 9 professors 

‣ + Martin Hoferichter with SNF 
professorship, starting January ‘20 

‣ 2 full professors funded through AEC 

‣ 13 postdocs (4 supported by the AEC) 

‣ 12 PhD students (1 supported by the AEC) 

‣ + associated members, emeriti, visitors
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Fields, Strings and Dualities (Susanne Reffert)

‣ Research 

‣ string theory (brane constructions, dualities) 

‣ supersymmetric gauge theories 

‣ relationships to integrable models 

‣ CFTs in sectors of large charge 

‣ Group members 

‣ Postdocs: Keita Nii, Gabriele Tartaglino-
Mazzucchelli, Masataka Watanabe 

‣ PhD student: Yuta Sekiguchi → talk
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Compensating strong coupling with large charge

 7

CFTs play an important role in theoretical physics (fixed 
points of RG flows, critical phenomena, etc). 
But most CFTs do not have small parameters in which to do 
a perturbative expansion: couplings are O(1).
Make use of symmetries, look at special limits/subsectors 
where things simplify.

Here: study theories with a global symmetry group.   
Hilbert space of the theory can be decomposed into sectors 
of fixed charge Q under the action of the global symmetry 
group.  

Study subsectors with fixed and large charge Q.
Large charge Q becomes controlling parameter in a 
perturbative expansion!



Ground state spontaneously breaks global and spacetime 
symmetry: low-energy theory encoded by Goldstones! 

vacuum + Goldstone + 1/Q-suppressed corrections
Calculate energy of ground state at fixed charge, use state-
operator correspondence.

2 dimensionless parameters, not accessible in EFT

Semiclassical treatment: find lowest-energy state that satisfies 
classical e.o.m. at fixed charge.

Effective theory at large Q: 

Compensating strong coupling with large charge
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D(Q) =
c3/2
2
p
⇡
Q3/2 + 2

p
⇡ c1/2Q

1/2
� 0.094 +O(Q�1/2)

Conformal dimension of the lowest-lying operator of charge Q in 
the O(2) model:



Independent confirmation from the lattice:
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D. Banerjee, Sh. Chandrasekharan, D. Orlando Phys.Rev.Lett. 120 (2018) no.6, 061603 

Excellent 
agreement!!

Large-charge expansion works extremely well for O(2). 
Where else?

c3/2 = 1.195(10)

c1/2 = 0.075(10)
<latexit sha1_base64="//6PcNS27WnIGiosPU8tBJBaphw="></latexit><latexit sha1_base64="//6PcNS27WnIGiosPU8tBJBaphw="></latexit><latexit sha1_base64="//6PcNS27WnIGiosPU8tBJBaphw="></latexit><latexit sha1_base64="//6PcNS27WnIGiosPU8tBJBaphw="></latexit>

Compensating strong coupling with large charge

!9



n-dependent universal for O(2n)

D(Q) =
c3/2
2
p
⇡
Q3/2 + 2

p
⇡ c1/2Q

1/2
� 0.094 +O(Q�1/2)

L. Alvarez-Gaume, O. Loukas, D. Orlando and S. R., JHEP 1704 (2017) 059 

O(2n) vector model:

New lattice data for O(4) model:

c3/2 = 1.068(4)

c1/2 = 0.083(3)
<latexit sha1_base64="e0lAPrf8AtQkiNMoECB5zd5Wasc="></latexit><latexit sha1_base64="e0lAPrf8AtQkiNMoECB5zd5Wasc="></latexit><latexit sha1_base64="e0lAPrf8AtQkiNMoECB5zd5Wasc="></latexit><latexit sha1_base64="e0lAPrf8AtQkiNMoECB5zd5Wasc="></latexit>

Again excellent 
agreement with 
large-Q prediction!

D. Banerjee, Sh. Chandrasekharan, D. Orlando, S.R.  Phys.Rev.Lett. 123 (2019) no.5, 
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Compensating strong coupling with large charge
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Compensating strong coupling with large charge
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They have successfully applied the large-charge 
expansion to: 
• the O(2n) vector model in 3d 
• matrix models in 3d 
• N=2 superconformal theories in 4d with a 1d 

moduli space 
• non-relativistic CFTs in 3d and 4d (unitary Fermi 

gas) 
• an asymptotically safe CFT in 4d
Many more applications to follow!
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Gravity and String Theory (Matthias Blau)
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The Gravity and String Theory Group

Research Topics

Quantum Gravity and String Theory

General Relativity

Mathematical Physics and Topological Field Theories

Members of the Group

Postdoc(s)

Debajyoti (Deb) Sarkar

PhD Student(s)

None

Master Students

Florence Aellen (recent)

Vera-Sophia Pelozzi (current)

Witali Krochin (current)

ITP Gravity & String Theory Group 2 / 4



Research
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Current Research Activities
(selected topics and very rough overview: you do not want to know the details . . . )

Holography (AdS/CFT Correspondence + Generalisations)

Quantum Information Theory, Quantum Gravity, and Emergent

Spacetime [D. Sarkar + external collaborators]

AdS/EFT Correspondence at Large Charge [D. Sarkar + the Re↵ert Group]

Classical General Relativity (with Relevance to Quantum Gravity)

Dynamics of Null Shells and Null Hypersurfaces

[M. Blau + external collaborators / M. Blau, D. Sarkar, W. Krochin]

Redshifts and Black Hole Horizons [M. Blau + V. Pelozzi]

Topological Gauge Theories (and Geometric Topology)

Exact Path Integral Calculations in Chern-Simons Gauge Theory on

(increasingly more and more) non-trivial 3-Manifolds

[M. Blau + external collaborators]

(Topological) Gauge Theories with Gauge Group TG ' G n g
[M. Blau + external collaborators + (possibly) future Master student]

ITP Gravity & String Theory Group 3 / 4



Supersymmetric Field Theories, Supergravity and 
Superstring Unified Theories (Jean-Pierre Derendinger)

‣ Research 

‣ Study and construction of theories of particle 
interactions in the framework of superstring and 
supergravity theories. 

‣ Study of perturbative and non-perturbative 
supersymmetric quantum field theories. 

‣ Formal developments in these theories. 

‣ Group members 

‣ Postdocs: Hongliang Jiang, Adrian Lewandowski 

‣ PhD student: Aldous Zaugg 

‣ Visitor: Ignatios Antoniadis



Thermal Field Theory and Particle Cosmology (Mikko Laine)

‣ Research 

‣ Group members 
‣ Postdoc: Tuomas Tenkanen 
‣ PhD students: Greg Jackson, Philipp Schicho

!15

thermal field theory and particle cosmology

(Mikko Laine, Tuomas Tenkanen, Greg Jackson, Philipp Schicho)

(i) interplay neutrino physics ⇔ cosmology

if neutrinos are of Majorana type, heavy eigenstates, lepton
number violation, and new sources of CP violation are predicted

(ii) interplay Higgs physics ⇔ cosmology

even small modifications to the Higgs sector might lead to dark
matter candidates, gravitational waves, and/or baryogenesis

(iii) interplay QCD ⇔ cosmology

theoretical tools of thermal field theory can be tested by comparing
QCD computations with lattice simulations or heavy ion data

1
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(i) how GeV-scale right-handed neutrinos could generate
baryon / lepton asymmetries 1
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1 J. Ghiglieri and ML, Precision study of GeV-scale resonant leptogenesis, 1811.01971
2
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(ii) what kind of effective descriptions are useful for a BSM
electroweak phase transition2

2 O. Gould, J. Kozaczuk, L. Niemi, M.J. Ramsey-Musolf, TT, D.J. Weir,
Nonperturbative analysis of the gravitational waves from a first-order electroweak phase

transition, 1903.11604
3
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(iii) how theoretical tools can be tested within hot QCD3

δL = tr
{

c1 (DµFµν)
2 + c2 (DµFµ0)

2

+ igE [c3 FµνFνρFρµ

+ c4 F0µFµνFν0

+ c5A0(DµFµν)F0ν ]

+ g
2
E
[c6A

2
0F

2
µν

+ c7A0FµνA0Fµν

+ c8A
2
0F

2
0µ

+ c9A0F0µA0F0µ]

+ g
4
E
[c10A

6
0 ]

}
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3 ML, PS and Y. Schröder, Soft thermal contributions to 3-loop gauge coupling,

1803.08689; GJ and ML, Testing photon and dilepton rates of thermal QCD, in preparation
4



Nonperturbative Physics at AEC (Wiese Group)

Current Group Members:

João Pinto Barros (Postdoc)
Stephan Caspar (Postdoc)
Manes Hornung (Ph.D. Student)

Recent and Current Research Topics:

• Construction of Quantum Simulators for Gauge Theories
• Classical Simulation of Non-Perturbative Quantum Systems
in Particle and Condensed Matter Physics

• Solution of Sign Problems
• Real-Time Evolution of Dissipation-Driven Quantum Systems
• Topological Aspects of Quantum Field Theory
• Chern-Simons Gauge Theories for Topological Quantum
Computation

Nonperturbative Physics (Uwe-Jens Wiese) 

‣ Research 
‣ Construction of Quantum Simulators for Gauge Theories 
‣ Classical Simulation of Non-Perturbative Quantum Systems in 

Particle and Condensed Matter Physics 
‣ Solution of Sign Problems 
‣ Real-Time Evolution of Dissipation-Driven Quantum Systems  
‣ Topological Aspects of Quantum Field Theory 
‣ Chern-Simons Gauge Theories for Topological Quantum 

Computation 
‣ Group members 
‣ Postdocs: Joao Pinto Barros, Stephan Caspar → talk  
‣ PhD student: Manes Hornung 

!19



Cold atoms in optical lattices as quantum simulatorsCold atoms in optical lattices as quantum simulators

Monte Carlo simulations of gauge theories at non-zero
chemical potential or in real time are prevented by very
severe sign problems. Quantum links provide an
alternative formulation of gauge theories that is amenable
to quantum simulation. A quantum link uses
quantum-spin-like degrees of freedom and realizes exact
U(N) or SU(N) gauge invariance with discrete quantum
variables.

Ux,i = S+, U †
x,i = S−, Ex,i = S3.

! !

x x+ î

Ex,i

Ux,i
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Alkaline-earth atoms (87Sr or 173Y b) allow us to encode
“color” in nuclear spin. This has been utilized in quantum
simulator constructions for SU(N) gauge theories using
quantum links and for CP (N − 1) models using an SU(N)
quantum spin ladder Hamiltonian:

H = −J
∑

⟨x,y⟩∈A,B

T a
xT

a∗
y

L

L’

↔



Lattice field theories (Urs Wenger) 
‣ Research  

‣ Large-scale, high-precision lattice QCD 
computations (ETMC)  

‣ Finite density and fermion sign problem  

‣ Supersymmetry on the lattice in low dim’s  

‣ Flavour Lattice Averaging Group (FLAG)  

‣ Group members 

‣ Postdoc: Andrew Gasbarro 

‣ PhD students: Patrick Bühlmann, Sebastian Burri  
!22
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The N = 1 Wess-Zumino model in 2D

I Mass spectrum above and below the ZZ (2)/SUSY transition
[K. Steinhauer, U. Wenger, Phys. Rev. Lett. 113 (2014) 232001]
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FLAG

FLAG: Flavour Lattice Averaging Group

I Worldwide collaboration to provide answers to

I What is the current best lattice value for quantity X?

I How reliable is the estimated systematic error?

I Collection of all results in a user-friendly format:

Similar to the e↵orts of the PDG...

http://flag.unibe.ch
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Effective Field Theories (Gilberto Colangelo)

‣ Research 

‣ CHPT and Non-relativistic QFT 

‣ Low-energy hadron physics  

‣ FLAG Working Group 

‣ Group members 

‣ Postdocs: Franziska Hagelstein,              
Jacobo Ruiz de Elvira 

‣ PhD students: Laetitia Laub, Stefano   
Maurizio, Joachim Monnard
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Anomalous magnetic moment (g-2)μ

‣ Long-standing discrepancy between exp. and th. 
New experiment at FNAL. → Thomas Teuber 

‣ Hadronic corrections (HVP, HLbL) dominate 
theory uncertainty. 
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Standard Model Theory: QED+EW+QCD

hµ(~p0)|J⌫(0)|µ(~p)i = �eū(~p0)

✓
F1(q

2)�⌫ + i
F2(q2)

4m
[�⌫ , �⇢]q⇢

◆
u(~p)

aµ = F2(0)

Hadronic corrections to the muon g�2 from lattice QCD T. Blum

Table 1: Standard Model contributions to the muon anomaly. The QED contribution is through �5, EW
�2, and QCD �3. The two QED values correspond to different values of � , and QCD to lowest order (LO)
contributions from the hadronic vacuum polarization (HVP) using e+e� ! hadrons and � ! hadrons, higher
order (HO) from HVP and an additional photon, and hadronic light-by-light (HLbL) scattering.

QED 11658471.8845(9)(19)(7)(30)⇥10�10 [2]
11658471.8951(9)(19)(7)(77)⇥10�10 [2]

EW 15.4(2)⇥10�10 [5]
QCD LO (e+e�) 692.3(4.2)⇥10�10, 694.91(3.72)(2.10)⇥10�10 [3, 4]

LO (�) 701.5(4.7)⇥10�10 [3]
HO HVP �9.79(9)⇥10�10 [6]
HLbL 10.5(2.6)⇥10�10 [9]

The HVP contribution to the muon anomaly has been computed using the experimentally
measured cross-section for the reaction e+e� ! hadrons and a dispersion relation to relate the real
and imaginary parts of �(Q2). The current quoted precision on such calculations is a bit more than
one-half of one percent [3, 4]. The HVP contributions can also be calculated from first principles
in lattice QCD [8]. While the current precision is significantly higher for the dispersive method,
lattice calculations are poised to reduce errors significantly in next one or two years. These will
provide important checks of the dispersive method before the new Fermilab experiment. Unlike
the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
of our results for aµ(HLbL) computed in the framework of lattice QCD+QED. Section 4 gives our
conclusions and outlook for future calculations.

Z

W

Z
...

Figure 1: Representative diagrams, up to order �3, in the Standard Model that contribute to the muon
anomaly. The rows, from to top to bottom, correspond to QED, EW, and QCD. Horizontal solid lines
represent the muon, wiggly lines denote photons unless otherwise labeled, other solid lines are leptons,
filled loops denote quarks (hadrons), and the dashed line represents the higgs boson.
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+ + · · ·

Models: (105 ± 26) ⇥ 10�11
[Prades et al., 2009, Benayoun et al., 2014]

(116 ± 40) ⇥ 10�11
[Jegerlehner and Ny↵eler, 2009]

Model errors di�cult to quantify error now compatible with HVP error. see talk by A. Keshavarzi, muon g-2 theory

initiative HVP working group workshop, Feb 2018, KEK

First lattice results promise reliable errors [Blum et al., 2015, Blum et al., 2016, Blum et al., 2017a] see also

[Green et al., 2015, Asmussen et al., 2016]

Dispersive/data approach also systematic
[Colangelo et al., 2014b, Pauk and Vanderhaeghen, 2014, Colangelo et al., 2015, Colangelo et al., 2017]
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the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
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Hadronic vacuum polarization

!27

Intro HVP to (g � 2)µ HLbL to (g � 2)µ Conclusions

Results for (g � 2)µ

Based on: dispersive representation of F�
V (t) which depends on

a small number of parameters which are fit to data

GC, Hoferichter, Stoffer (18)

� Low energy:

aHVP,��
µ |�0.63GeV

= 132.8(0.4)(1.0) · 10
⇥10

[in agreement with 132.9(8) Ananthanarayan et al. (16) ]

� Full range:

aHVP,��
µ |�1GeV

= 495.0(1.5)(2.1) · 10
⇥10
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Intro HVP to (g � 2)µ HLbL to (g � 2)µ Conclusions

Conclusions: HVP

� precision in the dispersive evaluation of the HVP
contribution has reached a stunning 0.4%

� the dominant �� contribution could become even more
precise were it not for an experimental discrepancy
between KLOE and BABAR

� � use more theory: analyticity and unitarity relate the ��
contribution and the well known �� P-wave phase shift

� implementing these constraints we have analyzed
⇥(e+e� ⇥ �+��) data and obtained:

aHVP,��
µ |⇥1GeV

= 495.0(2.6) · 10�10

[KNT18: 493.4(1.9) and DHMZ17: 496.7(2.2)]

Hadronic vacuum polarization



Dispersive approach to HLbL
Developed by GC, Hoferichter, Procura, Stoffer, JHEP 1409 
(2014) 091 JHEP 1509, 074 (2015)

!29

Intro HVP to (g � 2)µ HLbL to (g � 2)µ Conclusions HLbL tensor HLbL dispersive

Improvements obtained with the dispersive approach

Contribution BPaP(96) HKS(96) KnN(02) MV(04) BP(07) PdRV(09) N/JN(09)

�0, ⇥, ⇥�
85±13 82.7±6.4 83±12 114±10 � 114±13 99±16

�, K loops �19±13 �4.5±8.1 � � � �19±19 �19±13

" " + subl. in Nc � � � 0±10 � � �
axial vectors 2.5±1.0 1.7±1.7 � 22± 5 � 15±10 22± 5

scalars �6.8±2.0 � � � � �7± 7 �7± 2

quark loops 21± 3 9.7±11.1 � � � 2.3 21± 3

total 83±32 89.6±15.4 80±40 136±25 110±40 105±26 116±39

Results with the dispersive approach: all in 10�11

�0 pole: 63.0+2.7
�2.1

�0, ⇥, ⇥⇥ poles: 93.8+4.0
�3.6

Pion box: �15.9 ± 0.2
Kaon box (VMD): ⇥ �0.5 (prelim. Hoferichter, Stoffer)

Pion S-wave rescatt.: �8 ± 1

SDC (�0, ⇥, ⇥⇥): ⇥ 13 (prelim. GC, Hagelstein, Hoferichter, Laub)



B physics in the Standard Model and beyond (Christoph
Greub)

Research:

! Precision Calculations of rare radiative and semileptonic B

decays in the SM
! Two-loop calculations in the Two Higgs Doublet Model
! Flavour phenomenology and New Physics

Group members:

! Christoph Greub
! Christoph Wiegand (PostDoc)
! Francesco Saturnino (PhD student)

External collaborators:

! H. Asatrian, A. Crivellin, D. Müller, U. Nierste, J. Virto

B physics in the SM and beyond (Christoph Greub) 
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Precision calculations of rare radiative 
and semileptonic B decays in the SM 
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Precision Calculations of rare radiative and semileptonic B
decays in the SM

! NLL QCD contributions to the decay width for B → Xsγγ

! Charm loop effects in the b → sγ∗ transition at
next-to-leading order

! Specific NNLL contributions to B → Xsγ

b s

γ γ g

b s

ℓ+ ℓ−

γ∗

b s

γ

cc
c



Flavour Phenomenology and New Physics 
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Flavour Phenomenology and New Physics

! tan β enhanced contribution to b → sγ in the 2HDM (U.
Nierste, C.W., work in progress)

! b → sℓℓ Anomaly and aµ in the Two-Higgs-Doublet model
A. Crivellin, D. Müller, C.W.,arXiv:1903.10440

! Explaining the b → sℓℓ and b → cτν Anomalies with a Vector
Leptoquark Singlet
(A. Crivellin, D. Müller, C.G., F.S., arXiv:1807.02068)

! Tauonic B Decays and the Neutron Electric Dipole Moment
from a Scalar Leptoquark Singlet
(A. Crivellin, F.S., arXiv:1905.08257)

! Combining Scalar Leptoquarks to address all three Flavor
Anomalies
(A. Crivellin, D. Müller, F.S., in preparation)
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Event-based transverse momentum resummation

‣ automated NNLL+NLO resummation  

‣ arbitrary EW final states (Z, W, H, WW, WZ, ZZ …) 

‣ arbitrary cuts on leptons from boson decay
!34
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Figure 10: Comparison of the matched NNLL result to ATLAS data. The experimental
uncertainties (green dots) are below 1% and thus invisibly small, the theoretical ones (blue
bands) are obtained from scale variation, see text.

region. The upper bound was chosen because the unmatched resummed cross section turns
negative at higher values of qT which would lead to unphysical behavior in the unmatched
spectra shown in Figure 8.

In Figure 10 we plot our matched results for the qT and �
⇤ spectra, with the lepton cuts

imposed by ATLAS [32]. The agreement is generally quite good, but at intermediate values we
overshoot a little bit and our cross section is too small in the fixed order region at large qT . Our
fixed-order matching at O(↵s) only includes the leading term for qT 6= 0 and thus has limited
accuracy. The CuTe results shown in Figure 9 show that matching to O(↵2

s) would bring
the cross section into agreement with the data. This is confirmed by [23] who match to the
known O(↵3

s) result [44] and obtain a result which nicely agrees with the experimental data.
In reference [23] the resummation is performed up to NNNLL, which leads to an excellent
description of the data over the entire momentum range. In the context of the fixed-order
computation, let us mention that in the matching scheme (35) with a cuto↵ q0 on the matching
corrections, we could extend the matching with some e↵ort to O(↵2

s). To do so, one would
use the MadGraph5_aMC@NLO to perform a NLO computation of Z + j with p

j
T > q0

and also expand the resummed results one order higher in ↵s to extract ��.
As discussed in the introduction, the variable �

⇤ was constructed as an alternative to qT ,
as it can be measured more precisely. To illustrate their correlation, we show in Figure 11 a
density plot of the cross section in qT and log

10
�
⇤. For a given qT , there is a maximum possible

value of �⇤, which is obtained when the two leptons are produced at �⌘ = 0. Determining
the minimum �� and inserting it into the definition (1), one finds that �

⇤
max

= qT/Q. The
corresponding relation (for Q = MZ) is shown as a dashed red line in Figure 11 and the
red area above the line is kinematically excluded. The largest cross section is found near
the maximum possible value of �⇤ which demonstrates the close correlation among the two
observables. In [45] it was observed that the logarithms in the �

⇤ distribution which arise at
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Resummations for jet cross section

‣ Cross sections contain higher-order terms enhanced by large 
logarithms. 

‣ Until recently not known how to systematically resum these 

‣ Have obtained factorization theorems for many such 
observables, which allow for higher-log resummations 1.) 2.) TB, 
Neubert, Rothen, Shao ’15 ’16, 3.) TB, Pecjak, Shao ’16, 4.) TB, RR, 
Shao ’17, 5.) MB, TB, Shao, ’18
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Figure 3. Momentum modes and associated scales for wide-angle (left) and narrow-angle (right)
jet production.

of logarithmically-enhanced contributions to all orders in perturbation theory. This re-

summation is achieved by evolving the Wilson coefficients of these operators from the high

scale µ ∼ Q down to the scale where the low-energy physics takes place. Let us first

discuss the wide-angle cross section for which the factorization theorem has been given in

(2.15). In our effective theory, the hard functions Hm are the Wilson coefficients of the

Wilson-line matrix elements Sm and we regularize both quantities in d = 4−2ϵ dimensions.

The effective field theory matrix elements contain UV divergences since the short-distance

structure of the full theory is not resolved. The corresponding 1/ϵ poles can be removed

by renormalizing the hard Wilson coefficients according to

Hm({n}, Q, δ, ϵ) =
m∑

l=2

Hl({n}, Q, δ, µ)ZH
lm({n}, Q, δ, ϵ, µ) . (2.35)

In practice, it is easiest to obtain the bare Wilson coefficients from on-shell matching

calculations, where the poles arise from IR divergences. However, these IR poles are in

one-to-one correspondence to UV divergences since the effective-theory loop-integrals in

such matching computations are scaleless, see e.g. [13] for a detailed explanation of this

point within SCET. We have discussed this correspondence after (2.15). It implies that

we can understand the UV divergences of Hm from the structure of the IR divergences

in the real and virtual diagrams which contribute to these quantities. Given that the

coefficients Hm are fixed-multiplicity QCD amplitudes squared, integrated over energy, it

is clear that the matrix ZH
lm({n}, Q, δ, ϵ, µ) cannot be diagonal: lower-multiplicity virtual

diagrams are needed to cancel the divergences of real-emission diagrams. In order to achieve

this cancellation, the renormalization matrix must have the form

Z
H({n}, Q, δ, ϵ, µ) ∼

⎛

⎜⎜⎜⎜⎜⎜⎝

1 αs α2
s α3

s . . .

0 1 αs α2
s . . .

0 0 1 αs . . .

0 0 0 1 . . .
...

...
...

...
. . .

⎞

⎟⎟⎟⎟⎟⎟⎠
, (2.36)

where we indicate the perturbative order of each element. At each higher order in per-

turbation theory, more off-diagonal contributions fill in. We have anticipated the upper

– 15 –

1.) 2.) jets 
gaps between jets 

3.) jet mass  
4.) jet broadening

 isolation cones 
5.)



RG = parton shower
‣ Resummation is achieved by solving RG-equation 

‣ Multi-Wilson-line operators 

‣ Solution takes the form of a MC parton shower 

‣ Can systematically implement corrections 

‣ NLO matching (hard, jet and soft) MB, TB and 
Shao, JHEP 1904, 020 (2019) 

‣ first computation of jet mass beyond NLL! 

‣ NNLO running in progress with Shao and TR
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Perturbative computations

‣ Top quark mass dependence of the Higgs-gluon form factor at 
three loops Davies, Gröber, Maier, TR and Steinhauser PRD 
100, 034017 (2019) 

‣ Top quark mass effects in gg→ZZ at two loops and off-shell 
Higgs interference Gröber, Maier and TR, 1908.04061  

‣ Generic dijet soft functions at two-loop order Bell, RR, 
Talbert, JHEP 1907 (2019) 101 
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Figure 2: Diagrams that contribute to the NNLO calculation of dijet soft functions.
The first diagram represents the mixed real-virtual contribution, and the other diagrams
contribute to the double real-emission correction. The shaded circle in the last two diagrams
represents the one-loop gluon self-energy corrections.

3.2 Real-virtual interference

The mixed real-virtual contribution is structurally identical to the single real-emission term.
We now start from

SRV (✏,↵) =
(4⇡e�E⌧2)�✏

⌧̄
�↵

(2⇡)d�1

Z
d
d
k �(k2) ✓(k0)

|ARV (k)|2

(n · k + n̄ · k)↵
M1(⌧ ; k) , (3.11)

where the only difference is the soft matrix element |ARV (k)|2, which can be calculated
from the first diagram in Figure 2. Interestingly, the one-loop correction now depends on
the i"-prescription of the eikonal propagators on the amplitude level, but this dependence
drops out in the interference with the Born diagram (see also [51, 52]). One finds

|ARV (k)|
2 = �

64⇡4
CACF e

��E✏
⌧
�2✏

(n · k)1+✏ (n̄ · k)1+✏

�(�✏) cot(⇡✏)

�(�2✏) sin(⇡✏)
, (3.12)

which again resembles the NLO matrix element (3.5), except that its expansion now starts
with a 1/✏2 pole, which is to be multiplied with the 1/(↵✏) and 1/✏2 poles of the subsequent
phase-space integrations. The very fact that the matrix element (3.12) does not depend
on the rapidity regulator ↵ – which is implemented only on the level of the phase-space
integrals in (3.11) – is a key advantage of the regularisation prescription from [32].

The subsequent calculation then follows along the same lines outlined in the previous
section, and the master formula for the computation of the real-virtual interference becomes

SRV (✏,↵) = �16CACF e
��E(2✏+↵) ⇡

3/2 �(�✏)�(�4✏� ↵) cot(⇡✏)

�(�2✏)�(1/2� ✏) sin(⇡✏)

⇥

Z 1

0
dyk

y
�1+2n✏+(n+1)↵/2
k

(1 + yk)↵

Z 1

0
dtk (4tk t̄k)

�1/2�✏
f(yk, tk)

4✏+↵
, (3.13)

which we again already presented in the SCET-1 case in [42].
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In this work we consider the form factors of the con-
tinuum gg ! ZZ amplitude that are relevant for the
interference contribution at one and two loops. The non-
analytic terms in the expansion around the top thresh-
old are computed up to at least order (1 � z)4, where
z = M

2
ZZ

/(4m2
t
)+i0, and used to construct Padé approx-

imants. Together with the exactly known real NLO top
quark [27, 38] and the massless quark corrections [21–25]
this is su�cient to determine the full NLO interference
contribution with realistic top-quark mass dependence.

II. FORM FACTORS FOR INTERFERENCE

Up to the two loop level, the amplitude for the top-
mediated non-resonant continuum production process
g(µ,A, p1) + g(⌫, B, p2) ! Z(↵, p3) + Z(�, p4) receives
contributions from both box and double-triangle dia-
grams, see figure 1. The latter are known for arbitrary
quark masses [27, 39] and will not be discussed in the
following.

FIG. 1: Examples for box (left) and double-triangle (right)
top-mediated contributions to gg ! ZZ.

The box amplitude
���BAB

µ⌫↵�

E
has a complicated tensor

structure [20–22, 40]. However, the interference with the
Higgs-mediated amplitude is described by a single form
factor. Adopting the conventions of [27] it takes the form

|Bi =
�
AB

NA

(p1 · p2g
µ⌫

� p
⌫

1p
µ

2 )P
↵⇢

Z
(p3)P

�

Z,⇢
(p4)

��BAB

µ⌫↵�

↵
,

(1)
with NA = N

2
c
� 1 and P

↵⇢

Z
(p) = �g

↵⇢ + p
↵
p
⇢
/m

2
Z
. The

form factor can be decomposed into a vector and axial-
vector part

|Bi =
ig

2
W

4 cos2 ✓W

⇣
v
2
t

��� eBV V

E
+ a

2
t

��� eBAA

E⌘
, (2)

where at = 1/2 and vt = 1/2 � 4/3 sin2 ✓W denote the
axial-vector and vector couplings for an up-type quark.
Mixed vtat terms are forbidden by charge conjugation
symmetry. The order in the strong coupling constant ↵s

is indicated as follows

��� eBi

E
=

↵s

4⇡

��� eB(1)
i

E
+

⇣
↵s

4⇡

⌘2 ��� eB(2)
i

E
+ . . . , (3)

and a combined result [37] have appeared.

with i = V V,AA. At order ↵
2
s
the renormalized form

factors contain IR divergences, which cancel in the com-
bination with real corrections, and we define the finite
remainder by applying the subtraction [41]3

��� eF (2)
i

E
=

��� eB(2)
i

E
+

e
✏�E

�(1� ✏)


2CA

✏2

✓
µ
2

�s

◆✏

+
�0

✏

� ��� eB(1)
i

E
,

(4)
where �0 = 11

3 CA �
4
3Tfnl, CA = 3, Tf = 1

2 , nl = 5, and

the form factors
��� eB(1,2)

i

E
are defined in d = 4 � 2✏ di-

mensions. The one-loop form-factors
��� eB(1)

i

E
are already

finite; we define
��� eF (1)

i

E
=

��� eB(1)
i

E
for the sake of a consis-

tent notation.

A. The amplitude near threshold

Above the top threshold at z = 1 the top quarks in
the loop can go on shell which manifests as non-analytic
terms in the expansion of the form factors in z̄ ⌘ 1 � z,
generating a sizable imaginary part. As shown in [28] the
knowledge of these terms alone provides very valuable in-
formation for the determination of top-quark mass e↵ects
in our approach. The calculation of the non-analytic
terms is significantly simpler than that of the analytic
contributions and was described in detail in [28] for the
three leading non-analytic expansion terms of the one
and two-loop form factors for gg ! HH. For gg ! ZZ

we expand the amplitude up to high orders in z̄ ⌘ 1� z

and therefore use the expansion by regions [42, 43] to
expand the full-theory diagrams instead of an EFT ap-
proach where a large number of e↵ective vertices is re-
quired due to the deep expansion. We use QGRAF [44] to
generate the Feynman diagrams which are processed and
expanded using private FORM [45] code. The IBP reduc-
tion [46] is performed with FIRE [47] which is based on
the Laporta algorithm [48].
Our results are given in Appendix A and an ancillary

Mathematica file. They are of the form

��� eF (1)
i

E
z!1
⇣

1X

n=3

a
(n,0)
i

z̄
n
2 , (5)

��� eF (2)
i

E
z!1
⇣

1X

n=2

1X

m=n̄2

h
b
(n,m)
i

+ b
(n,m)
i,ln ln(�4z)

i
z̄

n
2 lnm z̄ ,

where n̄2 is n modulo 2, the coe�cients are functions
of the dimensionless variables rZ = m

2
Z
/M

2
ZZ

and x̃ =
(p2

T
+m

2
Z
)/M2

ZZ
. We use the symbol ⇣ to indicate that

terms which are analytic in z̄ and currently unknown
have been dropped on the right-hand side.

3
Note that this subtraction di↵ers at order ✏0 from the one given

in eq. (2.14) of [27].

Figure 1: One-, two- and three-loop Feynman diagrams contributing to F4. Solid, curly
and dashed lines represent quarks, gluons and Higgs bosons, respectively.

F
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4
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F
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4 , (4)

where I
(1)
g and I

(2)
g can be found in Refs. [27, 28]. In order to fix the notation we provide

an explicit expression only for I(1)g which is given by

I
(1)
g

= �

✓
µ
2

�ŝ� i�

◆✏
e
✏�E

�(1� ✏)

1

✏2

h
CA + 2✏�0

i
, (5)

with �0 = (11CA � 4TFnl)/12 where CA = 3, TF = 1/2 and nl is the number of massless
quarks. We work in d = 4 � 2✏ dimensions and assume that � is an infinitesimal small
parameter. We apply the method described below to F

(1),fin
4 and F

(2),fin
4 .

In the following we briefly discuss the input for the limits z ! 0 and z ! 1 used for
the construction of the Padé approximants. For the renormalization scale we choose
µ
2 = �s since the µ dependence can easily be reconstructed from the one- and two-loop

expressions, which are known exactly, see Ref. [29]. Furthermore, we set all colour factors
to their numerical values and only keep nl as a parameter. The large-mt expansion of the
three-loop form factor up to order z4 has been computed in Ref. [16, 17] and the z

5 and
z
6 terms are available from Ref. [29]. The analytic expressions read
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IR divergencies of 4-loops amplitudes

‣ Based on Soft-Collinear Effective Theory 

‣ Check on perturbative computations 

‣ Resummation of large logs in n-jet processes
!38

in perturbative QCD. From our general result (42), we obtain

Γ({s}, µ) =
∑

(i,j)

Ti · Tj

2
γcusp(αs) ln

µ2

−sij

+
∑

R

gR(αs)

[∑

(i,j)

(
DR

iijj + 2DR
iiij

)
ln

µ2

−sij
+

∑

(i,j,k)

DR
ijkk ln

µ2

−sij

]

+
∑

i

γi(αs) + f(αs)
∑

(i,j,k)

Tiijk +
∑

(i,j,k,l)

Tijkl F (βijlk, βiklj;αs)

+O

(
α4
s,α

5
s ln

µ2

−sij

)
.

(77)

Based on our analysis, the terms involving cusp logarithms are now known to four-loop order,
while the remaining contributions in the third line are known to three-loop order.

As a second application, we briefly consider the important case of processes involving only
a small number of external particles. While the form-factor case (n = 2) has already been
discussed in Section 5, we now study the case of three particles (n = 3). This is relevant
for resumming large QCD corrections to important collider processes such as e+e− → 3 jets
(which involves e+e− → qq̄g at the parton level) and pp → H + jet (which involves qq̄ → Hg,
qg → Hq and gg → Hg at the parton level). For the special case of three-particle amplitudes,
many of the multi-particle correlations do not contribute, and other terms can be simplified
using color conservation. We find that the general form of the anomalous dimension in (42)
reduces to

Γ({s}, µ) =
γcusp(αs)

2

[
(CR3 − CR1 − CR2) ln

µ2

(−s12)
+ cyclic permutations

]

+ γ1(αs) + γ2(αs) + γ3(αs) +
C2

A

8
f(αs) (CR1 + CR2 + CR3)

+
∑

(i,j)

[
− f(αs) Tiijj +

∑

R

gR(αs)
(
3DR

iijj + 4DR
iiij

)
ln

µ2

−sij

]
+O(α5

s) ,

(78)

where CRi
are the quadratic Casimir invariants of the three particles. Starting at three-loop

order non-trivial color structures appear, which cannot be simplified further.

8 Conclusions

Using techniques based on soft-collinear factorization in SCET and the non-abelian exponenti-
ation theorem for matrix elements of soft Wilson-line correlators, we have derived the general
form of the anomalous dimension Γ governing the IR divergences of n-particle scattering am-
plitudes in massless, non-abelian gauge theories up to four-loop order. Our result for Γ has
been given in (42). Exploiting non-trivial color identities, we have significantly simplified the
general form compared with previous proposals in the literature by eliminating two struc-
tures in the four-loop term. We find that the four-loop contribution involves three new color

21

Figure 2: Color-connected webs appearing up to four-loop order in the soft anomalous dimension
Γs. The webs represented by these graphs are the color structures that arise if the wavy lines are
replaced by gluons in the corresponding (fully connected) tree-level Feynman graphs.

multiple Wilson lines has been developed in [14, 15, 31–34]. It is based on an efficient method
to evaluate the diagrammatic contributions to the exponent S̃ introduced in [14, 35]. The
technique is called the “replica trick” and is well known in statistical physics (see e.g. [36]),
where it can be used to compute the logarithm of the partition function. It is based on the
identity

S̃ = lnS = lim
N→0

SN − 1

N
. (10)

The trick consists in evaluating SN with N replicas of QCD. The contribution to the exponent
S̃ is then obtained after expanding the result for SN in a Taylor series in N and picking up
the linear term. To get the N th power of S, one has to order the color matrices of the different
replicas on the Wilson line, i.e. one starts with the color matrices associated with the first
copy and ends with the ones of the N th copy when moving along the Wilson line.

An efficient way to compute the diagrams of the replicated theory is to draw the usual (non-
replicated) QCD Wilson-line diagrams and then assign different replicas to different gluons in
the diagram. To get the result in the replicated theory, one then has to add the proper com-
binatorial factor for each replica assignment. For example, if the diagram is fully connected,
only a single replica can contribute, because the different replicas are independent copies of
QCD and do not interact with each other. Since there are N replicas, the combinatorial factor
is N and the diagram directly contributes to S̃. This gives the basic, but important state-
ment that fully connected diagrams contribute to the exponent S̃. Given that these diagrams
are color connected, it is clear that the structures shown in Figure 2 are indeed present in
S̃. What remains to be shown is that the exponent does not involve any color-disconnected
contributions from other diagrams.

It is easy to show that disconnected diagrams do not give a contribution to the exponent,
since they scale as N2, as each part of the diagram can involve a different replica. The
interesting class of diagrams, which we will study in the following, are connected diagrams
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ment that fully connected diagrams contribute to the exponent S̃. Given that these diagrams
are color connected, it is clear that the structures shown in Figure 2 are indeed present in
S̃. What remains to be shown is that the exponent does not involve any color-disconnected
contributions from other diagrams.

It is easy to show that disconnected diagrams do not give a contribution to the exponent,
since they scale as N2, as each part of the diagram can involve a different replica. The
interesting class of diagrams, which we will study in the following, are connected diagrams
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3 Reduction to symmetrized color structures

One can further simplify the connected webs shown in Figure 2 by symmetrizing the attach-
ments to the Wilson lines, as we did in [11]. Explicitly, the corresponding symmetrized color
structures are (sums over repeated color indices are implied)1

Dij = T
a
i T

a
j ≡ Ti · Tj , starting at one-loop order,

Tijk = ifabc
(
T

a
i T

b
j T

c
k

)
+
, starting at two-loop order,

Tijkl = fadef bce
(
T

a
i T

b
j T

c
kT

d
l

)
+
, starting at three-loop order,

DR
ijkl = dabcdR T

a
i T

b
j T

c
kT

d
l , starting at four-loop order,

Tijklm = ifadff bcgf efg
(
T

a
i T

b
j T

c
kT

d
l T

e
m

)
+
, starting at four-loop order.

(20)

Here

da1...anR = TrR
(
T

a1 . . .T an
)
+
≡

1

n!

∑

π

Tr
(
T

aπ(1)

R . . .T
aπ(n)

R

)
(21)

are symmetric invariant tensors given in terms of traces over symmetrized products of group
generators in the representation R. The (. . . )+ prescription only acts on generators attached to
the same particle line, e.g. Tijij = fadef bce (T a

i T
c
i )+(T

b
j T

d
j )+ for i ≠ j. For the structures Dij...

there is no need to write a (. . . )+ prescription, because they are totally symmetric in their color
indices. Note that (at least up to four-loop order) symmetric structures with an odd number of
indices do not arise. In particular, the color-symmetric three-gluon web dabcR T a

i T
b
j T

c
k does not

appear in perturbative calculations of the three-gluon vertex function up to four-loop order
[37–39]. In [39], an argument based on Bose symmetry and charge-conjugation invariance was
given that this should hold to all orders in perturbation theory.

While the color structures Dij and DR
ijkl are totally symmetric in their indices, the various

T structures have more complicated symmetry properties. Tijk is totally antisymmetric in its
indices, and it vanishes if two or three indices coincide. The structure Tijkl obeys the same
symmetry relations as the conformal cross ratios βijkl in (6), i.e.

Tijkl = Tjilk = −Tikjl = −Tljki = Tklij . (22)

It vanishes if three or four indices coincide. For two identical indices, the non-vanishing
symbols are [11]

Tiijj = −Tijij = fadef bce
(
T

a
i T

b
i

)
+

(
T

c
j T

d
j

)
+
,

Tiijk = −Tijik = −Tjiki = Tjkii = fadef bce
(
T

a
i T

b
i

)
+
T

c
j T

d
k .

(23)

Useful identities for the 5-index symbol Tijklm have been derived in [21]. In particular, it
satisfies the relations

Tijklm = −Tikjlm = −Tljkim = −Tjilkm , (24)

1Compared with [21] we have included an extra factor of i in the definition of the 5-index symbol Tijklm.
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Summary
‣ Broad program in theoretical physics, covering much of 

particle physics and also going beyond. Common theme 

‣ Quantum field theory 

‣ Exchange of ideas  

‣ Informal blackboard lunch th-seminar every Thursday; 
th-seminar on Fridays 

‣ Exp+th AEC seminar on Tuesday; Graduate student 
seminar every semester 

‣ Graduate courses (2+1 per semester)
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